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Abstract
For a two-dimensional black hole we determine the quasinormal frequencies of the Klein-Gordon and
Dirac fields. In contrast to the well known examples whose spectrum of quasinormal frequencies is
discrete, for this black hole we find a continuous spectrum of quasinormal frequencies, but there are
unstable quasinormal modes. In the framework of the Hod and Maggiore proposals we also discuss the
consequences of these results on the form of the entropy spectrum for the two-dimensional black hole.
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1 Introduction
The behavior of test fields in curved spacetimes is thoroughly studied. Among the more analyzed character-
istics we find the damped oscillations of a test field propagating in a black hole usually known as quasinormal
modes (QNM) [1]–[4]. These modes have a set of well defined complex frequencies commonly called quasi-
normal frequencies (QNF) [1]–[4].
Recently the QNF of several lower dimensional spacetimes have been calculated [5]–[30]. For many of
these backgrounds the QNF are exactly computed. This fact allows us to study in some detail some recent
proposals involving the QNM [31].
A two-dimensional analogue of the Einstein equations for vanishing cosmological constant is given by
[32]–[39]
R = 8piT, (1)
where R is the Ricci scalar and T is the trace of the energy-momentum tensor.
Several solutions to the equations of motion (1) are known [32]–[39]. In particular for a stationary point
mass located at r = 0 with
T =
M
2pi
δ(r), (2)
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it is possible to show that the exterior vacuum solution to the equations of motion (1) is
ds2 = (2M |r| − C)dt2 − (2M |r| − C)−1dr2, (3)
where C is a constant. Depending on the magnitudes and signs of the quantities M and C, we find that the
two-dimensional metric (3) represents a black hole or a naked singularity [32]–[39].
To have a reasonable Newtonian limit we chooseM > 0 in what follows [34] and selecting the appropriate
units we take C = 1. For these values of the quantities M and C the metric (3) describes a two-dimensional
black hole with line element
ds2 = (2M |r| − 1)dt2 − (2M |r| − 1)−1dr2, (4)
and with horizons located at r± = ±1/2M . The physical properties of this black hole are studied in detail
in Refs. [32]–[39].
To extend the previous results on the QNM of test fields propagating in lower dimensional black holes, in
this paper we calculate the oscillation QNF of the two-dimensional black hole (4). In the rest of the present
work we restrict to the region r > 1/2M and therefore we analyze the propagation of the field outside the
horizon at r+ = +1/2M . We expect to find similar results in the interval r < −1/2M .
We organize this paper as follows. For the two-dimensional black hole (4), in Sect. 2 we determine the
QNF of the Klein-Gordon field and in Sect. 3 we calculate the QNF of the Dirac field. Finally in Sect. 4 we
use these results to determine the entropy spectrum of the black hole (4) and discuss our main results.
2 QNF of the Klein-Gordon field
Since in two-dimensional spacetimes the QNM are well defined only for massive fields [30], in what follows
we consider fields with mass different from zero. Denoting with  to the d’Alembertian and with m to the
mass of the field, we write the Klein-Gordon equation as(
+m2
)
Φ = 0. (5)
In the two-dimensional black hole (4) for r > 1/2M the Klein-Gordon equation simplifies to the radial
differential equation
d
dr
(
f
dR
dr
)
+
ω2R
f
−m2R = 0, (6)
when we take
Φ = e−iωtR(r), (7)
and define
f(r) = 2Mr − 1. (8)
Using the tortoise coordinate
r∗ =
∫
dr
2Mr − 1
=
1
2M
ln(2Mr − 1), (9)
we transform the radial equation (6) into the Schro¨dinger type equation [30], [34]
d2R
dr2∗
+ ω2R = m2e2Mr∗R = V R, (10)
with the effective potential V = m2e2Mr∗ . Notice that for r ∈ (1/2M,∞) we find that r∗ ∈ (−∞,+∞).
Near the horizon and in the asymptotic region the effective potential V behaves as
lim
r→r+
V = lim
r∗→−∞
V = 0, lim
r→+∞
V = lim
r∗→+∞
V → +∞. (11)
Based on this behavior of the effective potential, for a test field we define its QNM as the solutions to its
equations of motion that satisfy the boundary conditions [1]–[4]
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i) Near the horizon the field behaves as exp(−iω(t+ r∗)).
ii) The field goes to zero as r → +∞.
To solve the Schro¨dinger type equation (10) we follow to Mann, et al. [34] and make the change of variable
z =
m
M
eMr∗ , (12)
to find that Eq. (10) becomes [34]
z2
d2R
dz2
+ z
dR
dz
−
[(
iω
M
)2
+ z2
]
R = 0, (13)
whose solutions are the modified Bessel functions Iν(z) and Kν(z), that is [34], [40], [41]
R(z) = C1Iν(z) + C2Kν(z), (14)
with
ν =
iω
M
, (15)
and C1, C2 are constants. Notice that z → 0 as r∗ → −∞ and z → +∞ as r∗ → +∞.
Since the modified Bessel function Iν(z) diverges as z → +∞ [40], [41], to satisfy the boundary condition
ii) of the QNM we must take C1 = 0 in the formula (14) and therefore we get that the radial function
satisfying the boundary condition at the asymptotic region is
R(z) = C2Kν(z). (16)
Assuming that the frequencies ω are complex [1]–[4], that is, ω = ωR + iωI , where ωR (ωI) denotes the real
(imaginary) part of the complex frequency, we find that the parameter ν takes the form
ν =
−ωI + iωR
M
. (17)
In what follows we take ωR > 0. For ωI < 0, from the expression (17) we find that Re(ν) > 0 and hence
we use that for small z the modified Bessel function Kν(z) satisfies (Eq. (9.6.9) of Ref. [40])
Kν(z) ≈
1
2
Γ(ν)
(
1
2
z
)−ν
as z → 0 and Re(ν) > 0. (18)
Thus for ωI < 0 and near the horizon (z = 0) the radial function (16) behaves as
R ≈ C2
1
2
Γ(ν)
(
1
2
z
)−ν
≈ e−iωr∗ , (19)
and since the time dependence of the Klein-Gordon field is of the form exp(−iωt), for all ωI < 0 the radial
function R represents an ingoing wave near the horizon. Thus when ωI < 0 the radial function (16) satisfies
the boundary condition of the QNM near the horizon and hence the complex frequencies with ωR > 0 and
ωI < 0 are QNF of the two-dimensional black hole (4).
For ωI > 0, from the expression (17) we obtain that Re(ν) < 0, but we use that the modified Bessel
function satisfies [41]
Kν(z) = K−ν(z), (20)
to write the radial function (16) as
R(z) = C2K−ν(z), (21)
with Re(−ν) > 0. From the property (18) of the modified Bessel function we find that for ωI > 0 and near
the horizon the radial function (21) simplifies to
R ≈ C2
1
2
Γ(−ν)
(
1
2
z
)ν
≈ eiωr∗ , (22)
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thus, near the horizon the radial function (21) represents outgoing waves when ωI > 0. Therefore for ωI > 0
the radial function R does not satisfy the boundary condition of the QNM.
From these results we assert that in the two-dimensional black hole (4) it is possible to meet the boundary
conditions of the QNM when the imaginary part of the frequency satisfies ωI < 0 (and ωR > 0). Therefore
we get a continuum of QNF and since the time dependence is of the form exp(−iωt) (see the formula (7))
these QNM are stable. It is convenient to remark that we do not know other spacetime with a continuum of
QNF for the test fields [1]–[4].
3 QNF of the Dirac field
In this section we calculate the QNF of the Dirac field propagating in the two-dimensional black hole (4). In
what follows we denote with γµ to the Dirac matrices, with ∇µ to the covariant derivative, with /∇ = γ
µ∇µ
to the Dirac operator, with m to the mass of the fermion field, and with Ψ to the two-dimensional spinor
Ψ =
(
Ψ1
Ψ2
)
. (23)
Hence the Dirac equation is given by
i/∇Ψ = mΨ. (24)
To simplify the Dirac equation in the two-dimensional black hole (4) for r > 1/2M we follow the procedure
of Ref. [30] and hence we define the line element ds˜2 by
ds2 = fdt2 −
dr2
f
= f
(
dt2 −
dr2
f2
)
= f(dt2 − dr2∗) = fds˜
2, (25)
that is,
ds˜2 = dt2 − dr2∗. (26)
Thus the line elements ds2 and ds˜2 are related by a conformal transformation, and therefore the components
of their metrics satisfy
gµν = f g˜µν . (27)
We point out that the definition of the function f appears in the formula (8) and that of the tortoise coordinate
r∗ in the expression (9). Notice that in the coordinates (t, r∗) the line element ds˜
2 is flat.
We recall that if we transform the spinor Ψ, the Dirac operator /∇, and the mass of the field m in the
form [42], [43], [44]
f1/4Ψ = Ψ˜, f3/4/∇Ψ = /˜∇Ψ˜, f1/2m = m˜, (28)
then Ψ˜, /˜∇Ψ˜, and m˜ satisfy the Dirac equation in the two-dimensional spacetime with line element ds˜2.
Using the chiral representation of the gamma matrices [30]
γ0 = γt =
(
0 1
1 0
)
, γ1 = γr∗ =
(
0 −1
1 0
)
, (29)
that fulfill
γµγν + γνγµ = 2ηµνI, (30)
where µ, ν = t, r∗ and η
µν = diag(1,−1), we find that in the two-dimensional spacetime with metric (26) the
Dirac equation takes the form
∂tΨ˜2 − ∂r∗Ψ˜2 = −im
√
f Ψ˜1,
∂tΨ˜1 + ∂r∗Ψ˜1 = −im
√
f Ψ˜2, (31)
with Ψ˜1 and Ψ˜2 denoting the components of the two-dimensional spinor Ψ˜.
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Proposing that the components of the two-dimensional spinor Ψ˜ take the form
Ψ˜q(r∗, t) = Rˆq(r∗) e
−iωt, q = 1, 2, (32)
we get that the system of equations (31) simplifies to the coupled ordinary differential equations (see also
Eq. (27) of Ref. [30])
dRˆ2
dr∗
+ iωRˆ2 = i
√
fmRˆ1,
dRˆ1
dr∗
− iωRˆ1 = −i
√
fmRˆ2. (33)
Defining
Rˆ1 = f
1/4R1, Rˆ2 = f
1/4R2, (34)
we find that the new radial functions R1, R2 satisfy the coupled ordinary differential equations
dR2
dr∗
+
(
M
2
+ iω
)
R2 = ime
Mr∗R1,
dR1
dr∗
+
(
M
2
− iω
)
R1 = −ime
Mr∗R2. (35)
From these equations we obtain that the functions R1, R2 must be solutions of the decoupled differential
equations
d2R1
dr2∗
+
(
ω + i
M
2
)2
R1 = m
2e2Mr∗R1,
d2R2
dr2∗
+
(
ω − i
M
2
)2
R2 = m
2e2Mr∗R2. (36)
Notice that these equations are of Schro¨dinger type. Furthermore the previous equations are similar to those
obtained by Mann, et al. [34], but they use a different approach.
Regarding to the radial equation (10) for the Klein-Gordon field, to solve the differential equations (36)
for the Dirac field we can use the already found solutions of Sect. 2 by replacing ω with (ω + iM/2) (ω with
(ω − iM/2)) in the radial function for R1 (R2).
To calculate the QNF of the Dirac field, from the results of the previous section, we get that the radial
functions satisfying the boundary condition ii) of the QNM at infinity are
R1(z) = Cˆ1Kν1(z), R2(z) = Cˆ2Kν2(z), (37)
where Cˆ1, Cˆ2 are constants and the parameters ν1, ν2 are equal to
ν1 =
i
M
(
ω + i
M
2
)
= −
ωI +M/2
M
+
iωR
M
,
ν2 =
i
M
(
ω − i
M
2
)
=
−ωI +M/2
M
+
iωR
M
. (38)
First we study the radial function R2. Supposing that the imaginary part of the frequency satisfies
ωI > M/2, from the expressions (38) we get that Re(ν2) < 0, but using the property (20) of the modified
Bessel function we obtain that the radial function R2 takes the form [41]
R2(z) = Cˆ2Kν2(z) = Cˆ2K−ν2(z), (39)
with Re(−ν2) > 0 and taking into account the property (18) of the modified Bessel function we find that
near the horizon the radial function R2 behaves as
R2 ≈ e
iωr∗eMr∗/2. (40)
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Thus for ωI > M/2 and near the horizon, the radial function R2 is an outgoing wave and therefore for
ωI > M/2 we can not satisfy the boundary condition of the QNM near the horizon.
For frequencies with ωI < 0, from the expressions (38) we find that Re(ν2) > 0. Using the property (18)
of the modified Bessel function we obtain that near the horizon the radial function R2 behaves as
R2 ≈ e
−iωr∗e−Mr∗/2, (41)
that is, for ωI < 0 and near the horizon the function R2 is an ingoing wave. In a similar way to the Klein-
Gordon field, for the component Ψ2 we have a continuum of well defined QNF with ωR > 0 and ωI < 0.
Finally, for frequencies with 0 < ωI < M/2, from the expressions (38) we get that Re(ν2) > 0 and
near the horizon the radial function R2 behaves as in the formula (41). Thus for complex frequencies with
0 < ωI < M/2, the radial function R2 is an ingoing wave near the horizon of the black hole (4), therefore we
find a continuum of well defined QNF with imaginary parts in the interval 0 < ωI < M/2. Since we are using a
harmonic time dependence of the form exp(−iωt) (see the expression (32)), the QNM with frequencies whose
imaginary parts are located in the interval 0 < ωI < M/2 are unstable and the amplitudes of these modes
increase with the time. Hence the component Ψ2 of the Dirac field has unstable QNM when it propagates in
the two-dimensional black hole (4).
Using a similar procedure we obtain that the component Ψ1 has a continuum of well defined QNF for
ωR > 0 and ωI < −M/2. For the frequencies with −M/2 < ωI < 0 the radial function R1 represents a purely
outgoing wave near the horizon, and for the frequencies with ωI > 0 we also find that the radial function R1
represents a purely outgoing wave near the horizon. Therefore in the two-dimensional black hole (4) for the
component Ψ1 of the Dirac field we get a continuum of stable QNF with ωR > 0 and ωI < −M/2.
Thus, as for the Klein-Gordon field, in the two-dimensional black hole (4) we find that the Dirac field has
continuous spectrum of QNF, but its component Ψ2 has unstable QNM.
Since in a two-dimensional spacetime, the Dirac equation transforms into a decoupled pair of Schro¨dinger
type equations with effective potentials that are SUSY partners (see for example Eq. (31) of Ref. [30]),
we expect that the components Ψ1 and Ψ2 must have isospectral QNF [45], but in a similar way to the
gravitational perturbations of the Schwarzschild anti-de Sitter black hole [46] they are not isospectral due to
the following fact.
Considering that the component Ψ2 has well defined QNF when the radial function takes the form R2(z)
= Cˆ2Kν2(z) and the parameter ν2 satisfies Re(ν2) > 0, from Eqs. (35) we get that
R1 = −i
dR2
dz
−
i
Mz
(
M
2
+ iω
)
R2. (42)
Taking into account that the modified Bessel function Kν2 satisfies (see Eq. (9.6.28) of Ref. [40])
dKν2(z)
dz
= −
ν2
z
Kν2(z)−Kν2−1(z), (43)
we find that if R2 satisfies the boundary condition of the QNM at infinity, then R1 satisfies such boundary
condition at infinity.
From the property (18) of the modified Bessel function we obtain that in the interval where Re(ν2) > 0
but Re(ν2 − 1) < 0, if R2 satisfies the boundary condition of the QNM near the horizon, then R1 behaves as
R1 ≈ C˜1e
−iωr∗e−3Mr∗/2 + C˜2e
iωr∗e−Mr∗/2 (44)
near the horizon (C˜1 and C˜2 are constants). Hence, in the interval Re(ν2) > 0 but Re(ν2 − 1) < 0, when
the radial function R2 satisfies the boundary condition of the QNM near the horizon, the radial function R1
has ingoing and outgoing parts near the horizon. Therefore the function R1 does not satisfy the boundary
condition of the QNM near the horizon, and the components Ψ1, Ψ2 can not have isospectral QNF.
4 Discussion
As far as we know [1]–[4], the two-dimensional black hole (4) is the first example of a spacetime with a
continuous spectrum of QNF for test fields, but from our previous results we find that in contrast to the
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Klein-Gordon field, the Dirac field has unstable QNM since the component Ψ2 has well defined QNF with
imaginary parts that satisfy ωI > 0, and therefore the amplitude of the field increases with the time.
In a similar way to higher dimensional black holes, the two-dimensional black hole (4) has well defined
thermodynamic properties [38]. For this black hole its Hawking temperature and entropy are equal to
T =
~M
2pi
, S =
2pi
~
ln
(
M
M0
)
, (45)
where ~ = h/2pi, with h denoting the Planck constant and M0 is an integration constant [38].
It is known that the logarithmic dependence of its entropy on the mass (45) produces the tendency of
the two-dimensional black hole (4) to fractionalize into units of a fundamental mass [38]. We think that a
relevant problem is to determine whether the instability of the QNM found in the previous section is related
to this behavior of the black hole (4).
Recent proposals suggest that the asymptotic QNF of a black hole (those with |ωI | → ∞) determine the
value of its entropy quantum [47], [48]. Hod proposes that the real part of the asymptotic QNF determines
the change in the mass of the black hole when it emits a quantum [47]. In accordance with this proposal,
when a black hole emits a quantum the change in its mass is equal to
∆M = ~ω
(A)
R , (46)
where ω
(A)
R is the real part of the asymptotic QNF [47].
From our previous results, for the two-dimensional black hole (4) we have asymptotic QNF for which
their real parts ω
(A)
R can take any positive real value, and therefore, according to the proposal by Hod of the
formula (46), the change ∆M in the mass of the black hole (4) takes positive real values. It is convenient to
recall that our computation of the QNM for the Klein-Gordon and Dirac fields is based on the assumption
of test fields, thus we think that our result is reliable only for small values of ω
(A)
R , that is, for small values
of ∆M .
From the formulae (45) we get that for the two-dimensional black hole (4) the changes in its entropy and
mass satisfy
∆M = T∆S, (47)
and therefore, according to the proposal by Hod [47], its entropy changes continuously. Thus the entropy of
the two-dimensional black hole (4) has a continuous spectrum.
Maggiore [48] modifies the proposal by Hod and suggests that the change in the mass of the black hole
when it emits a quantum is equal to
∆M = ~∆ω, (48)
where ∆ω is the difference of the quantities
√
ω2R + ω
2
I corresponding to two contiguous asymptotic QNF
[48]. Following Maggiore, for the two-dimensional black hole (4) we take as the contiguous asymptotic QNF
to
ω1 = (ωR + wR) + i(ωI + wI), ω2 = ωR + iωI , (49)
where wR, wI are small quantities that satisfy
|wR|, |wI | ≪ |ωR| ≪ |ωI |. (50)
Hence we find that for the two-dimensional black hole (4) the quantity ∆ω simplifies to
∆ω =
(
(ωR + wR)
2 + (ωI + wI)
2
)1/2
−
(
ω2R + ω
2
I
)1/2
≈
(
ω2R + ω
2
I
)1/2(
1 +
ωRwR
ω2R + ω
2
I
+
ωIwI
ω2R + ω
2
I
)
−
(
ω2R + ω
2
I
)1/2
≈ wI , (51)
as |ωI | → ∞.
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Since wI is a continuous small quantity, ∆ω varies in a continuous way and therefore from the formulae
(47) and (48) we obtain that the entropy of the black hole (4) changes continuously, that is, Maggiore proposal
predicts that the entropy of the black hole (4) has a continuous spectrum.
Hence the Hod and Maggiore proposals produce that the entropy of the two-dimensional black hole (4)
has a continuous spectrum, as the entropy spectrum found in Ref. [49] for the regular black hole. Doubtless
it is relevant to compare these results for the entropy spectrum with the results given by other methods.
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